A unified form for real and complex wave functions is proposed for the stationary case, and the quantum Hamilton-Jacobi equation is derived in the three-dimensional space. The difficulties which appear in Bohm's theory like the vanishing value of the conjugate momentum in the real wave function case are surmounted. The probability current which plays an essential role in the approach presented here, is interpreted in such a way as to give rise to an interesting physical significance of the real and imaginary parts of the wave function. 03.65.Bz; 03.65.Ca Typeset using REVT E X * Electronic address: bouda a@yahoo.fr
I. INTRODUCTION
The debate open by Einstein and Bohr about the interpretation of quantum mechanics is far from being closed. Among all attempts to obtain a deterministic theory, the approach proposed by Bohm [1] is one of the most interesting. The starting point is the Schrödinger which describes the evolution of the wave function of a non-relativistic spinless particle of mass m in a potential V . Bohm writes the wave function in the form ψ(x, y, z, t) = A(x, y, z, t) exp ī h S(x, y, z, t) , (1.2) where A(x, y, z, t) and S(x, y, z, t) are real functions. After substituting (1.2) in (1.1) and separating the real part from the imaginary part, one gets The term proportional toh 2 in Eq. (1.3a)
is called the Bohm quantum potential. In the limith → 0, Eq. (1.3a) reduces to the classical Hamilton-Jacobi equation which describes the motion of the particle. S is then identified as the reduced action and V B is interpreted as describing the quantum effects.
Relation (1.3b) represents the conservation equation of the probability current. Indeed, if one substitutes (1.2) in the expression of the current
one finds
This expression is a product of the probability density
which was recognized by Bohm [1] and de Broglie [2] in his pilot wave theory as the velocity of the particle. In the stationary case, where
and the constant E representing the energy of the particle, Floyd [3] showed that in onedimensional space, the velocity was not given by m −1 ∂S 0 /∂x as in Eq. (1.7), but by the
Bohm's approach, even when taking account of the velocity correction brought by Floyd, is subject to serious problems. In fact, the reduced action S 0 as defined by (1.2) and (1.8a) cannot be used to define correctly the conjugate momentum as ∇S 0 . To see this, consider the case in which the wave function is real as it is for the ground state of hydrogenoïd atoms or the one-dimensional harmonic oscillator. In this case, using (1.2), S 0 is constant and then the conjugate momentum has a vanishing value. Obviously, this conclusion is absurd.
Floyd [4] saw this problem and proposed a new relation between the wave function and the reduced action, but for the real case only [3] [4] [5] . However the idea to distinguish the real wave function case from the complex one is not comfortable.
In this paper, a unified form for the wave function is proposed. The difficulty mentioned above is surmounted. In section II, the general relationship between the wave function and the reduced action is determined and the probability current is expressed in terms of constants of integration which depend upon the boundary conditions. The expression of this current is used in section III to establish the quantum Hamilton-Jacobi equation for the complex wave functions and in section IV for the real wave functions. In section V, the relationship between the velocity and the conjugate momentum is obtained. Section VI is devoted to conclusions.
II. THE FORM OF THE WAVE FUNCTION
Let us begin by the following remark. If one sets
and substitutes this expression in the Schrödinger equation, one gets 
in the Schrödinger equation, one gets the same equations
This means that if ψ 1 (respectively ψ 2 ) is solution of the Schrödinger equation, ψ 2 (respectively ψ 1 ) is also solution. Therefore, the general solution in the stationary case has the
where
α and β being complex constants which depend upon the boundary conditions. Now, if one replaces in the Schrödinger equation ψ by the expressions given in (2.5) and (2.6), one finds
Before analyzing the content of this equation, let us calculate the probability current. If one replaces (2.5) in (1.5), one gets
This form of the current will play a crucial role in the approach which is developed here.
III. THE COMPLEX WAVE FUNCTION
In what follows, one should understand by real wave function, any function which can be written as a product of a constant, which could be complex, with a real function.
In order to show that the wave function (2.6) cannot be real when |α| = |β|, let us set
with a and b real constants. Expression (2.6) can then be written in the form
Knowing that S 0 is a function of (x, y, z), this last expression shows clearly that when |α| = |β|, the wave function cannot be brought back to a product of a constant by a real function. Now, to derive the quantum Hamilton-Jacobi equation, let us use expression (2.8) for the probability current. The conservation equation, which is a consequence of the Schrödinger equation, can be written as
Therefore, for the complex wave functions (|α| = |β|), Eq. (3.3) turns out to be
Eq. (2.7) reduces then to are obtained with the wave function defined in (2.6).
IV. THE REAL WAVE FUNCTION
In the case |α| = |β|, and using Eq. (3.2), the wave function defined by (2.6) becomes
It is clear that the wave function is real up to a constant phase factor.
Here the vanishing of the probability current is expressed by the fact that |α| = |β|, which is a consequence of the boundary conditions and not by ∇S 0 = 0 as in the case of Bohm's approach.
Using (3.1) with |α| = |β|, Eq. (2.7) turns out to be 
from which one can reproduce the Schrödinger equation.
Among all these choices, is there any couple (A, S 0 ) in which S 0 is the good function defining correctly the conjugate momentum by ∇S 0 ?
To answer this crucial question, let us analyze the physics content of expression (2.8) for the probability current. This expression suggests that  is a sum of two currents
6a)
corresponding to the two opposite directions of motion of the particle along the trajectory.
The fact that the current has a vanishing value in the case of a real wave function (|α| = |β|) means that there is an equal probability to have the particle move in one direction or in the other.
Thus, to each direction of motion along the trajectory, it is natural to associate one of the wave functions 
It is clear that Eqs. (4.2) and (4.9) cannot be simultaneously satisfied unless one has
This implies that either tan
= −1 which is not possible, or
In conclusion, the couple (A, S 0 ) must be chosen in such a way as to satisfy Eq. (4.10). This equation, imposed by physical considerations, implies that (4.2) reduces to These results do confirm those obtained from the equivalence postulate in the onedimensional case [6] and in higher dimensions [7] .
In the one-dimensional case, and for both real and complex wave functions, one can integrate (3.4) or (4.10) to obtain
where k is a constant of integration. Then, by substituting this expression in (3.5) or (4.11), one gets the well-known equation [8] 1 2m
Of course, this equation is different from the usual one because the function S 0 which appears here is related to the wave function by (2.6). Note that it is not possible to obtain such an equation for the real wave functions in Bohm's theory.
V. VELOCITY OF THE PARTICLE
Using Eq. (3.2), the probability density can be written as
As suggested in section IV, the probability current is the sum of two currents  + and  − .
Therefore, from the conservation equation
and using Eqs. (4.6), one can define at any point of the trajectory two velocities for the For the same energy of the particle, these equations indicate that when |α| = |β|, the modules of the velocities v + and v − are different. This means that, if the wave function cannot be brought back to a product of a real or complex constant by a real function, the velocity at any point of the trajectory does not have the same value when the particle moves in one direction or in the other. It is only when the wave function is real (|α| = |β|) that the velocity takes the same value for the two directions, as in the case of classical mechanics.
Thus, we find a true physical justification to the fact that waves are generally described in quantum theory by complex functions.
From the previous analysis, one can conclude that the boundary conditions impose, through the values of the parameters α and β, an asymmetry which distinguishes the two directions of motion on the trajectory.
Note that the number of parameters appearing in expressions (5.2) for the velocities can be reduced to two. In fact, by introducing the ratio of the modules of β and α and the difference of their phases
Eqs. (5.2) turn out to be
It is interesting to remark that the ratio of the modules of these velocities is constant.
In the limit γ → 0, we have |β| → 0 and the potential impose to the particle to move only in one direction. If γ → ∞, we have |α| → 0 and the particle moves in the other direction.
Of course, when the wave function is real, we have γ = 1, and therefore the velocities v + and v − have the same module. Consequently, the time it takes the particle to travel any element of the trajectory is the same whether it moves in one direction or in the other.
Thus, as mentioned in section IV, there is an equal probability to have the particle move in either direction.
VI. CONCLUSION
In the three-dimensional space, it is shown in this paper that the wave function, whether real or complex, has the unified form (2.6) which leads to the same quantum HamiltonJacobi equation (3.5) or (4.11), and the functions A and S 0 are related by the same equation Let us insist on the fact that the quantum Hamilton-Jacobi equation obtained here is fundamentally different from the usual one because the reduced action S 0 is related to the wave function by (2.6 ).
An important consequence of our approach is the physical interpretation which has been given to the imaginary part of the wave function. In fact, with a given value E of the particle energy and at any point of the trajectory, the presence of the imaginary part implies, when its ratio with the real part is not a constant, that to the two directions of motion correspond two different values of the velocity.
Finally, it would be interesting to look for a possible relation between the velocities given in (5.4) and the expression (1.9) found by Floyd [3] .
ACKNOWLEDGMENTS
The author would like to thank Dr. K. Adel for useful discussions.
